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TRIAL HIGHER SCHOOL CERTIFICATE
EXAMINATION 2012

MATHEMATICS
EXTENSION 2

General Instructions: Total Marks 100
* Reading Time: 5 minutes.
Working Time: 3 hours. Section I: 10 marks
Write in black or blue pen. " Attempt Question 1 — 10.

Board approved calculators & templates may be used §| * Answer on the Multiple Choice
answer sheet provided.

A Standard integral Sheet is provided. - Allow about 15 minutes for this
section.

In every question, show all necessary working
Marks may not be awarded for careless or badly Section II: 90 Marks
arranged working.
* Attempt Question 11 - 16

- Answer on blank paper unless
otherwise instructed. Start a new page
for each new question.

- Allow about 2 hours & 45 minutes for
this section.

The answers to all questions are to be returned in separate stapled bundles clearly
labeled Question 11, Question 12, etc. Each question must show your Candidate
Number.



Section I

10 Marks
Attempt Question 1 — 10.
Allow approximately 15 minutes for this section.
Use the multiple choice answer sheet below to record your answers to Question 1 — 10.
Select the alternative: A, B, C or D that best answers the question.
Colour in the response oval completely.
Sample:
2+4=7 A 2 B) 6 C 8 Dy ¢
A O B @ cC o D O

If you think you have made a mistake, draw a cross through the incorrect answer and colour in the
new answer

e A @ B @& C o© D O

If you change your mind and have crossed out what you consider to be the correct answer, then
indicate this by writing the word “correct” and draw an arrow as follows:

)/-wnrrenf
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Trial HSC Examination
Mathematics Extension 2, 2012

Multiple Choice Answer Sheet

Student id number: [ [ | i l

Completely colour in the response oval representing the most correct answet.
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1. The diagram shows the graph of the function y = f(x).
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Which of the following is the graph of y =/ f(x) ?
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2. Let z=3—i. What is the value of iz ?

(A) -1-3i.
(B) -1+3i.
(Cy 1-3i.
(D) 1+3i.
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3. Consider the Argand diagram below.
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Which inequality could define the shaded area?

(A) |z-1<v2 and OSArg(z~i)s%

B) |z-1<v2 and OgArg(zﬂ')S%.

(© |z-1<1 and 0<Arg(z—l)<%
(D) |z-1|<1 and 0<Arg(z+z)<§—

1
4. Which of the following is an expression for J-
Vxt —6x+10

(A) 1n(x 3-4Jx? —-6x+10)+c

B) 1r1(x+3 vx? -6x+10) +c

(®) 1n(x +/x? ——6x+10) +c
(

(D) 1n(x+3+x —6x+10)+c

5. What is the solution to the inequaﬁon: *© —4x) >-37
x —_—

(A) 22x<4orx26.
(B) 1<x<4 orx=5.
(C) 4<x<6orx<2.
(D) 4>x<5o0rx<1.
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6. The points P(acos®, bsind) and QO(acos¢d, bsing) lie on the ellipse ET+—JZ—:—2—:1 and the
7

chord PQ subtends a right angle at (0,0). Which of the following is the correct expression?

bZ
(A) tanftang=—-—.
a’

2

(B) tan@tang= —%

b?.
—.
a

(C) tanftang =

2

(D) tan@tangﬁzi;—z—.

7. What are the values of real numbers p and ¢ such that 1-7 is a root of the
equation z* + pz+ g =07?
(A) p=2and g=4.
(B) p=2and g=-4.
(C) p=-2and g=4.
(D) p=-2and g=—4.

8. A particle of mass m is projected vertically upwards with an initial velocity of

ums’ in a medium in which the resistance to the motion is proportional to the square of the

velocity v ms™ of the particle or mkv’. Let x be the displacement in metres of the particle
above the point of projection, O, so that the equation of motion is ¥ = —( g+ kvz) where g

ms™ is the acceleration due to gravity. Assume k& = 10 and the acceleration due to gravity is
10 ms.
Which of the following gives the correct expression for the time taken?

(A) t= Tla(tan'l u—tan” v) .

B) t= (tan v—tan’ u).
i—%(tan u+tan‘v).
D) t= —l—la(tan v+ tan’ u).
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9. A body of mass m kg is attached by two light rods 48 and BC. Both rods are [ metres in
length. Rod AB is hinged at point A and makes an angle & with the vertical shaft. Rod BC is
attached to a ring that can slide freely along the vertical shaft.

What are the tensions in the rods?

(A T, z%(mgsecmmzmz) and T, m%—(mlwz ~mgsecl).
B) T =%(mgsin9+mla>2) and 7, =%(ml(o2 — mgsing).
© T =%(mgsec9—mzm2) and 7, =-;~(mzaf +mgsect).
(D) T, =%(mgsin9—mla)2) and 7, =é(mla>2 +mgsin).

10. A skydiver falls from a plane which is flying horizontally at 2 000 m. Initially his motion is
determined by the acceleration due to gravity of 10 m/s® and any resistance is negligible,
After 5 seconds, he opens his parachute and his motion is determined by

the equation: ¥ =10 --Zv, where downwards direction is taken as positive.

Hence his terminal velocity will be 8 m/s.
Which statement best reflects the situation after the skydiver opens his parachute?

(A) He hits the ground with a vertical speed of 50 m/s.
(B) He hits the ground with a vertical speed of 8 m/s
(C) His vertical speed never exceeds 8 m/s.

(D) His vertical speed never drops below 8 m/s.

End of Section 1
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Section I1
Total Marks is 90
Attempt Question 11 — 16.

Allow approximately 2 hours & 45 minutes for this section.

Answer all questions, starting each new question on a new sheet of paper with your student id
number in the top right hand corner and the question number on the left hand side of your paper.

All necessary working must be shown in each and every question.

................................................................................................................................................................

Question 11. [Start a New Page} Marks

(a) Given z=1+2i and w=-2+/, {ind:

@ |z 1
(ii) W 2
Gi) . 2
w
(b) Find the two complex numbers z that satisfy: zz =37 and é = % + 1?%: 3
zZ
(c) If w= (— 1+ i\/g)m, find Argw. 2

(d) Points 4, B and C represent the complex numbers a, £ and yin the Argand diagram
respectively.
¥y
B6) Not to scale
¥

) o

Aa)

0

AOAB is right isosceles at A, ACOB is isosceles with OB = OC and Z0OBC = %

(1) Copy or trace the diagram onto your writing and find £ 40C. 1
. . 2n .. 2%

(ii) Explain why » = \/E(COST+ isin —3—].& 2

(iii)  Hence find the value of 2a* +¥* + ay V2. 2
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Question 12. [Start a New Page] Marks

(a) Given the sketch of the function f{x), sketch each of the following on separate diagrams:
Sx)

See separate sheet.

Not fo scale

______________ R

O y=—f. 1

i)  y=f(=). 2

(i) y=/(". 2

(b) (1) Show that the equation of the tangent to the polynomial function y = P(x) 1
atx=ais y=P(a)x-a)+P(a)

(i) © Explain why: when the polynomial P(x) (of degree greater than 2) 1

is divided by the quadratic (x - a)?' , then P(x)= (x - a)z O(x)+ax+b,
where O(x) is the quotient and g and 4 are real numbers.

(iii)  Hence show that when P(x) is divided by (x - a’)z, the remainder is equivalent 3
to P’(a')(x ~ a’)+ P(a), the expression from the tangent in part (b) (i).

(c) The area bounded by the curve y =sinx,for0<x < %, the linesx=0and y= 1
is rotated about the y-axis.

Y

1 Not to scale

(1) By using the method of cylindrical shells, show that the volume ¥ of the solid 2
of revolution about the y-axis is given by:

F.

b
V =2 x(1 - sin x) .
¢

(ii) Hence calculate the volume of the solid. 3
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Question 13. [Start a New Page] Marks

(2)

Not to scale

d, i L d,

x2 y2
The point P(Jcl , ) lies on the hyperbola %79 =1,

The two foci of the hyperbola are S, and S, and the two directrices are ¢, and d,, as shown.

N

(1) Show that the length S|P = ““g"""xl - 5. 2
(i1) Show that the equation of the tangent at P is AE J/]Ty =1, 2
(iii)  The tangent at P intersects the transverse axis at point G. 1

Find the coordinates of point G.

(iv)  Given £S,PG=6,, ZGPS, =8, and £LS,GP =«,

(1) By using the sine rule, show that: sina = —JESLsin 8. 2
(2)  Hence show that: sin8, =sin8,. 2
(3)  Hence deduce that GP bisects £S5, PS,. 2

(b)  Giventhat [, = |cot” xdx, forn=1,2, ...

A A gy | A

(1) Show that [, = %ln 2. 1

. I (430

(i1) Show that: [, _, +1, = 1 3277 1|, forn=2,3,4, ... 2
n._.

(iii)  Find 1. 1
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Question 14. [Start a New Page] Marks

(a) Given that: 8, +6, +6, +...+86, <%, where 0 <6, <% for i=1,2,3,..,n 3

Prove, by mathematical induction forn =1, 2, 3, ... , that:

tan(f, + 6, + 0, +...+ 6, )> tan @, +tanf, +tané, +... +tand,.

(b) (1) Find the constants a, & and ¢ such that: 3

300x _a N bx+e¢
1000+x> 10+x 100-10x+x*"

(i) A particle of mass m kg is projected vertically upwards in a highly resistive
medium at a velocity of 5 m/s.

The particle is subjected to the force of gravity and to a resistance due to the
3

. ) my . . -
medium of magnitude newtons. Given the acceleration dug to gravity is 10 m/s?,

(1) State the equation of motion (if upwards is the positive direction) 1

(2) Hence find the maximum height reached by the particle, (giving 3
your answer correct to 1 decimal places).

Question 14 (c) continued over page
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Question 14. continued Marks

2 2

(c) A right solid has an elliptical base whose equation is E: Z—+ %} ~1.
P
The height of the solid is A such that the sections in the x-z plane and the y-z plane
are the semi-ellipses £ and £ respectively.

Every cross-section parallel to the base is elliptical in shape as shown in the diagram.

z Not to scale

x
X 2.'2
(1) Given that the equation of ellipse E, is ;2—+ i =1 1
State the equation for ellipse E,.
(ii) By taking a slice parallel to the base at height of % of thickness A#, 2

Hence point P can be stated as (a,,0,4) and Q as (0,5,, %) for the elliptical slice,
as shown in the diagram.

By assuming that the area of ellipse E is wab square units,
2
h

Show that the cross-sectional area A of this slice is given by 4 = mb[l ———2—].
H

(i1i)  Hence find the volume of the solid. 2
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Question 15, [Start a New Page] Marks

(a) Let @, ff and ybe the distinct roots of the cubic equation x* + ax® +bx—54 =0,

where a and b are real numbers. Suppose that ¢> + 82 =0 and a&® +y* =0,

(@) Explain why g+y =0. 2
(ii)  Hence explain why a is real. 2
(iiiy  Hence, or otherwise explain why f and y are complex and purely imaginary. 2
(iv)y Findaand b. 2

(b) On a racetrack for small cars of mass m kg, a circular bend of radius # m is banked
at an angle of 8 to the horizontal.
The maximum frictional force is F" Newtons (up or down the bank) and the acceleration
due to gravity is 10 m/s® ie g = 10. The normal reaction to the surface is N Newtons.
Let point P represent the small car on the banked track as shown in the diagram.

Not to scale

o) From the diagram, the vertical resolution for motion downwards at P is: 1
Ncos@+ Fsinf = mg.
Find the horizontal resolution when the car is travelling at speed v m/s at P,

(i1) Hence, if ¥ = 80, 8= 45% and the maximum frictional force is at most —;— of the 2

normal reaction force N. Find the minimum speed that the car can safely
negotiate the bend without slipping down the incline.

(iii)  For the upwards motion of the car, find the maximum speed that the car can 3
safely negotiate the bend.

(iv)  Hence or otherwise, determine the designed speed (no slipping) for this angle. 1
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Question 16. [Start a New Page] Marks

(a) Show that I ln(l + x) dx = E—ln 2, using the substitution x = 1-u ) 4
8 1+u
(b)  Therootsof x* +3x—1=0 are o, B, yand 6. Find a* + g* + y* +5°. 2

©

Not to scale

Given Z is any point on the chord PQ of the given circle. Chord 4B and CD pass through Z.
Let X and Y be the points of intersection of the chords 4D and CB with PQ respectively, as
shown in the diagram.

GivenZd=a, ZB= b, ZC=cand ZD=d. LetZP=p;Z0=gq; ZX=xand ZY=y.

Given S| denotes the area of AZAX;, S; for AZCY; S; for AZDX and S, for AZBY.

1 By detaching page 12 and stapling it to your Question 16,
S, adX an S, _ax

Show that: —= d — 3
S, cCY S, T by y
2
(i)  Hence deduce that: 5,5, _adxAX XD a.d.xz . 2
S,8, bexCYYB  bey
2 —
(1i1)  Hence explain why: x—, = (P—x)—(—{i—@ 1
’ Na-)
. 1 1 1
(iv)  Hence show that: —_—— =, 2
x ¥y P 4
(v)  If Zis the midpoint of PQ, what is the relationship between x and y. 1
THE END

d © O 6
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| Student id No. |

Question 16. (c) Attach this diagram to your Q16 (c) solutions.
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M Ext 2 | Student id No. | |

Question 12 (a)

ey,
Not to scale
------------- == ==
(i)
fx)
4. 4. ... Notitoscale
(iif)
- e Not to scale
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| [4 -------------- ;_—_—a'-
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